This work is a continuation of our previous work (JMP, 48, 12, pp. 122103-1-122103-20, 2007), where we constructed the non-relativistic Lee model in three dimensional Riemannian manifolds. Here we renormalize the two dimensional version by using the same methods and the results are shortly given since the calculations are basically the same as in the three dimensional model. We also show that the ground state energy is bounded from below due to the upper bound of the heat kernel for compact and Cartan-Hadamard manifolds. In contrast to the construction of the model and the proof of the lower bound of the ground state energy, the mean field approximation to the two dimensional model is not similar to the one in three dimensions and it requires a deeper analysis, which is the main result of this paper.
Introduction
The Lee model was originally introduced in [1] as an exactly soluble (in principle eigenstates and eigenvalues can be exactly found) and a renormalizable model that describes the interaction between a relativistic neutral bosonic field "pions" and two neutral fermionic fields "nucleons". It is assumed that the nucleon can exist in two different intrinsic states. The particle corresponding to the Bose field is called θ and the particles corresponding to the intrinsic states of the nucleon are called V and N particles. The fermionic field corresponding to the V and N particles are assumed to be spinless for simplicity. Only allowable process is given by
and the following process is not allowed
This is the renormalized form of the principal operator so that we have a well-defined explicit formula for the resolvent of the Hamiltonian in terms of the inverse of the principal operator Φ −1 (E). As we will elaborate in more detail later on, the bound states arise from the roots of the equation Φ(E)|Ψ = 0 ,
corresponding to the poles in the resolvent. Hence, the principal operator determines the bound state spectrum.
A Lower Bound on the Ground State Energy
Following exactly the same method developed for three dimensions [11] , we again find the upper bound of the norm of the operatorŨ ′ (E) as δ(u 1 + u 2 + u 3 − 1) (u 1 u 2 ) 1/2 × K 2s(u 1 +u 3 ) (a, a; g) 1/2 K 2s(u 2 +u 3 ) (a, a; g)
where Γ denotes the gamma function. For each class of manifolds, there are different upper bounds on the heat kernel so we will consider them separately. We will first consider CartanHadamard manifolds. The diagonal upper bound of the heat kernel for two dimensional CartanHadamard manifolds is given as [16, 17] ,
for all x ∈ M, s > 0, and C is a constant. Using (16) and performing u 3 integral in (15), we get
Evaluating the integrals give the following result
Then, the inequality above implies a lower bound for the ground state energy
The diagonal upper bound of the heat kernel for two dimensional compact manifolds with Ricci curvature bounded from below by −K ≥ 0 is given by [18, 19] ,
where A depends on the diameter of the manifold, d(M), the lower bound of the Ricci curvature K, and the volume of the manifold V (M). Then we similarly obtain
One can even simplify the integrals, that is, the upper bound of the u 2 integral is replaced with 1 and the square roots of the sums are replaced with the sums of the square roots at the cost of getting less sharp bound on the norm ofŨ ′ (E). Integrating with respect to u 1 , u 2 and s, we have
In order to get an explicit solution of this inequality, let us put a further natural assumption nm + µ − E > µ. Then, we find
. (24) Now if we impose the strict positivity of the principal operator, we obtain
where
Therefore, the lower bounds on the ground state energies for different classes of manifolds (19) and (25) are of almost the same form up to a constant factor so the form of the lower bound has a general character. From the general form of the lower bounds, we conclude that for each sector with a fixed number of bosons, there exists a ground state. However, in two dimensions, the ground state energy bound that we have found diverges linearly as the number of bosons increases whereas in the three dimensional case it diverges quadratically. Therefore, unlike the three dimensional problem, these estimates with our present analysis are good enough to prove the existence of the thermodynamic limit in two dimensions. We will now study large n or the thermodynamic limit of the model by a kind of mean field approximation, yet this requires a more delicate analysis than the three dimensional case.
Mean Field Approximation
Before applying the mean field approximation, we first clarify one point about this approximation, which has not been mentioned in our previous work. It is well known that the residue of the resolvent at its isolated pole µ is the projection operator P µ to the corresponding eigenspace of the Hamiltonian
where Γ µ is a small contour enclosing the isolated eigenvalue µ in the complex energy plane [20] . For the moment, let us consider only the first diagonal element of the resolvent, α(E) and choose the contour enclosing the ground state energy E gr which is a well-defined point on the real axis thanks to the bound given in the previous section. Then, the above integral of α(E) gives the projection to eigenspace |Ψ 0 Ψ 0 | corresponding to the minimum eigenvalue. From (13) , it is easily seen that the principal operator formally satisfies Φ † (E) = Φ(E * ). As will be shown elsewhere [21] , Φ(E) defines a self-adjoint holomorphic family of type A [22] , so that we can apply the spectral theorem for the principal operator or inverse of it. Moreover, holomorphic functional calculus applies to this family. Most importantly, it can be shown that this family has a common dense domain which corresponds to (an operator closure of) the domain of H 0 for all sectors.
where ω(E) (ω k in the discrete case) and |ω(E) (|ω k (E) in the discrete case) are the eigenvalues and the eigenvectors of the principal operator, respectively. We assume that the principal operator has discrete, assumed non-degenerate, as well as continuous eigenvalues and the bottom of the spectrum corresponds to an eigenvalue. The integrals here are taken over the continuous spectrum σ(Φ) of the principal operator (for simplicity, we write it formally, it should be written more precisely as a Riemann-Stieltjies integral). Due to Feynman-Hellman theorem, we have
by using the positivity of the heat kernel. Note that the operator valued distributions φ g (x) becomes well defined by taking a convolution with the heat kernel in the last term. The bound state spectrum corresponds to the solutions of the zero eigenvalues of the principal operator. ω k (E)'s flow with E due to (29), so that the ground state corresponds to the zero of the minimum eigenvalue ω 0 (E) of Φ(E). Let us expand the minimum eigenvalue ω 0 (E) near the bound state energy E gr
Using this result and the residue theorem in (27), we obtain
There is no other pole coming from (H 0 − E) −1 near E gr since we assume E gr < nm, and no other terms for k = 0 contribute to the integral around E gr . Let us assume that the ground state eigenvector of the principal operator is
By using the eigenfunction expansion of the creation and the annihilation operators and their commutation relations, we shall shift all creation operators φ † g (x) to the leftmost
and all annihilation operators φ g (x) to the rightmost
which are the generalized versions of the equations we first used in [11] . Therefore, from the equation (31), we read the state vector |Ψ 0
where the sum runs over all cyclic permutations σ of (123 . . . n). We will now make a mean field approximation to this model. In standard quantum field theory, one expects that all the bosons have the same wave function u(x) for the limit of large number of bosons n → ∞ and the wave function of the system has the product form of the one particle wave functions. However, due to the singular structure of our problem, the wave function in (35) can not have a product form in the large n limit. In order to see this, we note that
for l = 1, . . . , n − 1 as n → ∞ and state |Ψ 0 becomes
It is important to note that |Ψ 0 is not in the domain of H 0 . In order to see this, it is sufficient to consider the following term when we calculate
where we have used the property that the heat kernel satisfies the heat equation
∂Ks(x,a;g) ∂s = 0. After applying the integration by parts to the s 2 integral and using the initial condition for the heat kernel K s (x, a; g) → δ g (x, a) as s → 0 + , we find
where we have used the semi-group property of the heat kernel M d 2 g y K s 1 (x, y; g)K s 2 (y, z; g) = K s 1 +s 2 (x, z; g). After the change of variables u = s 1 + s 2 and v = s 1 − s 2 , we get
The first term is divergent due to the short time asymptotic expansion of the diagonal heat kernel for any Riemannian manifold without boundary [23] 
where u k (a, a, ) are scalar polynomials in curvature tensor of the manifold and its covariant derivatives at point a. Similar to the problem with point interactions on manifolds which we studied in [13] , our problem here can also be considered as a kind of self-adjoint extension since the wave function Ψ 0 does not belong to the domain of the free Hamiltonian. The self-adjoint extension of the free Hamiltonian extends this domain such that the state Ψ 0 is included. Although the wave function Ψ 0 is not in the domain of H 0 , the eigenfunction ψ 0 corresponding to the lowest eigenvalue of Φ(E) can be taken in the domain of H 0 (see the discussions in [21] ). As a result, |Ψ 0 given in (37) is not in the product form in the large n limit, that is,
The solution takes a kind of convolution of the wave functions in the domain of H 0 with the bound state wave function which is outside of this domain. Yet, Φ(E)'s lowest eigenfunction may be approximated by a product form for large number of bosons, that is,
with the normalization
In our two dimensional problem, for non-compact case, χ = O(ln n) as we will see, so the product formula (37) may not be a good approximation. Similarly, in three dimensions for the noncompact case, χ = O(1). In such a case, u(x)'s are not the wave function of bosons when a bound state forms, but related to the correct wave function through (35). In fact, the full wave function of the ground state could be read from
where we explicitly denote the boson numbers. We call the eigenvector of the principal operator in the mean field approximation |u for consistency of notation with our previous paper [11] . In the mean field approximation, the operators are usually approximately replaced by their expectation values in this state i.e., f (x) ≈ f ( x ). However, the exact value of the expectation value of an operator is given in terms of cummulant expansion theorem if it converges [24] . Therefore, we assume that the corrections coming from the higher order cummulants are negligibly small and indeed we will see that this assumption is justified for the particular solution we will find. Therefore, the expectation value of the principal operator by applying the mean field ansatz becomes
and
where we have taken (n − 1) ≈ n for n ≫ 1 and K[u] is called the kinetic energy functional. Now, we must solve the functional equation φ E [u] = 0 (giving the bound state spectrum of the problem), that is, we solve E as a functional of u(x), and then find the smallest possible value of E with the constraint (44). One can try to write E as a functional of u(x) from the equation φ E [u] = 0 and apply the variational methods to minimize E = E[u]. However, this is a implicit function of E and there is no simple way to solve exactly this functional equation since E is a complicated functional of u(x). Moreover, we have no explicit expression of the heat kernel on any Riemannian manifold to solve E. Nevertheless, it is possible to find a lower bound on the ground state energy without applying the variational calculus techniques. Since nh 0 [u] and E come together in equation (46), it turns out to be convenient to introduce
Then, the condition φ E [u] = 0 gives
Note that the left hand side is an increasing function of χ while the right hand side is a decreasing function of χ, hence there is a unique solution for χ.
To get a feel for the problem, we consider χ as the dependent variable. We now remove the χ dependence of the right hand side of (49) by first defining a new dimensionless parameter s ′ = 2m(2m + χ)s and scaling the metricg ij = [2m(2m + χ)]g ij . Using the scaling property of heat kernel in two dimensions
and then defining new dimensionless wave function v(x)
all explicit χ dependence becomes shifted to the left hand side of (49). The condition φ E [u] = 0 in two dimensions then gives
Of course, K s ′ (x, a;g) has now a dependence on χ but let us assume that by varying v(x) we can get all possible values of the argument. It is important to notice that the left hand side is an increasing function of χ and the right hand side is always positive. Therefore, the left hand side is minimum when χ = −µ. Let us denote the inverse function of the left hand side as f 1 (nU), that is, χ = f 1 (nU [v] ). Here U[v] denotes the functional on the right hand side except for the factor n. We can express E in terms of the inverse function,
is the dimensionless kinetic energy functional. Hence unless nK[v] < 1, the energy is always bigger than nm + µ. As a result, we see that the interesting possibility corresponds to nK[v] < 1 case. In the analysis for nK[v] < 1, if we follow the same reasoning as in three dimensions, the following integral appears
However, an upper bound to this integral can not be found by using the diagonal upper bounds of the heat kernel given in the previous section because it is divergent for large values of s. Therefore, we must develop a different method to handle the two dimensional problem. For the case nK[v] < 1, we will again consider the problem for compact and noncompact manifolds separately. Using the eigenfunction expansion for the heat kernel [11] and for v(x) = ∞ l=0 v(l)f l (x; g) and taking the integral with respect to s ′ , we find the right hand side of (52)
where f l (x;g) andσ l are the eigenfunctions and the eigenvalues of the scaled Laplacian −∇ 2 g , respectively. Since this is always positive, it is smaller than the following terms by writing the zero modes separately
Using f 0 (a;g) =
and |v(0)| ≤ 1 we get
Let us first consider the second term and multiply both numerator and denominator with the factorσ
and then apply Cauchy-Schwartz inequality so that we find
where we have chosen 0 < ǫ < 1/2. In order to convert the products (1 +σ l 1 )
in the denominator into a summation of them, we use a Feynman parametrization
One can express the factor
where ℜ(a) > 0 and ℜ(k) > −1. Therefore, equation (59) becomes
Using the eigenfunction expansion of the heat kernel, we have
.
After we transform the above integral to the original metric g and the time s and take the s integral by using the diagonal upper bound of the heat kernel for compact manifolds (21), we find a upper bound of the above sum
We now come to the crucial point. The upper bound of the first sum in (58) can be found by using the following inequality (also used in [25] ),
where δ > 0 and 0 < ǫ < 1/2. Note that this inequality applies only to dimensionless variables σ 1 , so that is why we use the scaling transformation at the beginning of the problem as opposed to the three dimensional case. The proof of this inequality is given in Appendix. As a result, for the first sum of (58), we obtain 
By choosing arbitrary constants ǫ and δ, we see that the interaction term brings a contribution of order O(n) to the total energy. However, one can even find a better solution to the large n behavior of the energy. In order to control the energy as n → ∞, we can assume that the parameters ǫ and δ are sequences in n. Without loss of generality we can assume that ǫ(n) goes to zero as n → ∞ (recall that 0 < ǫ < 1/2). If we want to find a better large n behavior of the energy, we must choose the sequence δ(n) such that nδ(n) ǫ 2 (n) = O(1) .
We are now looking for an optimal solution for the energy and tell how fast the sequences ǫ(n) and δ(n) must change with n. In order to see this, let us write (67) in the following way
ln(ǫ(n)/δ(n))−ln ǫ(n)
1/2
AπΓ(2 − ǫ(n)) 2Γ(1 − ǫ(n))
An optimal solution of the sequences can be found in such a way that the exponential term goes asymptotically e ǫ(n) 1−ǫ(n) ln(ǫ(n)/δ(n))−ln ǫ(n) = O(ln n) .
This implies that we can choose
and as a consequence of (68) δ(n) = 1 n ln 2 n .
